ABSTRACT A simple approximate solution for the mass action kinetics of small particles (viruses or vesicles) binding to large particles (cells) and their subsequent fusion has been derived. The solution is evaluated in terms of the measurable fluorescence changes expected when the virus or vesicles are labeled with fluorescent probes, which are diluted into the cellular membrane by fusion. Comparison with numerical integrations shows that the approximate solution is extremely accurate. Analytic simplifications for a variety of special cases of this general problem are also shown.
INTRODUCTION
The adhesion of vesicles and virions to cells, and the subsequent fusion between the membranes, has been studied from many perspectives (White et al., 1983; Redmond et al., 1984; Citovsky et al., 1985; Doxsey et al., 1985; Meer et al., 1985; Stegmann et al., 1985 Stegmann et al., , 1986 Stegmann et al., , 1987a Hoekstra et al., 1985; Hoekstra and Klappe, 1986; Richman et al., 1986) . Much of the recent work has involved kinetic analyses, aimed at obtaining the rate constants for the aggregation and/or fusion steps (Kuroda et al., 1985; Nir et al., 1986a-c; Tsao and Huang, 1986; Blumenthal et al., 1987) . Quantitative studies, such as these, are necessary to elucidate the molecular mechanisms of close apposition between membranes and their subsequent fusion (Blumenthal, 1987; Bentz and Ellens, 1988; .
Standard kinetic equations describing the vesicle-cell aggregation and fusion reactions are typically difficult to solve, often involving 104 coupled nonlinear equations. To facilitate the usage of the kinetic analysis, we have developed a simple solution for one class of these problems, which includes virus aggregation and fusion with cells, as well as particle-macrophage interactions. Specifically, we have treated the problem of small particles binding and fusing with a larger particle. Our first focus is the case where the binding/fusion sites on the larger particle's surface are identical and independent of the neighboring sites. In this limit, the kinetics are comparable to the situation where all sites are homogeneously distributed within the reaction volume. By inclusion of the fusion step, this work extends the treatments given by Yassky (1962) , Gani (1965 Gani ( , 1967 , Perelson (1985) , and Brendel and Please address all correspondence to Dr. Joe Bentz. Perelson (1987) for the aggregation of small and large particles. In addition, we have coupled these kinetics to specific fluorometric assays commonly in use for virus-cell fusion and developed a very simple formula for the time course of fluorescence intensity changes.
We have also considered the case where the binding sites are not independent, i.e., virus bound to a site shields an adjacent binding site. This reduces the higher order aggregation rate constants. The effect of this shielding can be measured and minimized simply by increasing the concentration of cells, i.e., increasing the number of vacant binding sites so that near neighbor interactions become unlikely. On the other hand, when fusion is rate limited by irreversible aggregation, we have found nearly analytical solutions for fluorescence intensity and the concentration of each of the fusion products. These solutions are given in terms of an effective time parameter, which is evaluated by a single-numerical integration. This case subsumes that of irreversible binding of small to large particles.
Several approximate solutions are presented for limiting cases and their accuracy is estimated from numerical calculations. The reliability of the approximate solutions implies that one may use the homogeneous approximation whenever the binding sites are independent. Furthermore, although it is known that virus-cell adhesion can be reversible (Hoekstra and Klappe, 1986) , our results indicate that this reversibility can be measured reliably only by preincubation of the system under nonfusogenic conditions (e.g., low temperature) followed by a jump to the fusogenic condition (e.g., 370C). The simplest equations for analyzing fusion after preincubation are described.
Finally, we have examined the kinetics of dimerization for two different particles. The aggregation and fusion of the mixed or asymmetric pair (A + B -AB -fusion product) is described under the condition that neither of the pure pairs (A + A or B + B) can aggregate. These solutions will simplify the study of fusion between asymmetric vesicles, i.e., where the apposed membranes are quite different (Bentz et al., 1987; Stamatatos et al., 1988) .
II. Mass Action Model and the General Kinetic Equations
In this section, we show the mass action reactions which govern virus-cell aggregation and fusion, as well as the kinetic equations which determine the evolution of the system over time. The molar concentration of cells with i virions adhering and j fused virions is denoted [AFij] (Nir et al., 1986b We will first consider one simple model which assumes that the binding and fusion sites are identical and independent. This implies that the rate at which free virus binds to the cell is strictly proportional to the number of remaining empty sites. Furthermore, the rate at which bound virus particles either fuse with or dissociate from the membrane is strictly proportional to the number of bound particles. Thus, (11.4) where C-COO, D -Doo, and f ifo, i.e., the rate constants for a cell with no competing bound or fused virus. In Section VI and Appendix D, we will treat the case of interacting binding sites, i.e., where they are not independent, under the condition that aggregation is rate limiting.
With this prescription of the rate constants, the kinetic equations are identical with those previously used by Nir et al. (1986b (11.5) BIOPHYSICAL JOURNAL VOLUME 54 1988 mixing assay, as described in Section III. Panel B shows how some of the individual components of the cell distribution function behave. Here we have plotted the fraction of cells with j-fused virions and no other bound virions, i.e.,
[AFOjJIGO in our notation, where the value of j is given beside each curve. What is obvious is that each species has its own time period of existance.
When there is no fusion, i.e.,fj = 0 and the concentration [AFjIJ = 0 when j > 0, and the virus is binding to the identical and independent sites on the cell, then simple solutions for Eqs. (11.2 and 3) can be obtained (Perelson, 1985 It should be noted that the kinetics of virus binding here is precisely the same as if the sites were distributed homogeneously in the system (Tanford, 1961) , i.e., the equivalent reaction is, NBGO and C' = C/NB. The rate of particle approach to each site is identical, whether it is on a cell surface or homogeneously distributed in the reaction volume. The scaling by the number of binding sites on the cell arises solely to transform C from the units of (molar concentration of cells)-' to C' in the units of (molar concentration of sites)-'.
In Appendix D, we show that the general case of arbitrary higher order aggregation rate constants can be dramatically simplified when the aggregation is irreversible. This case subsumes that of irreversible aggregation rate-limiting fusion.
III. Fluorescence Assays for Fusion
Fluorometric assays can independently monitor the mixing of the membrane components and the encapsulated aqueous contents, and are uniquely suited to follow the rapid kinetics of virus-cell fusion because of their sensitivity. Here, we shall primarily consider lipid mixing assays (e.g., Struck et al., 1981; Hoekstra et al., 1984; Silvius et al., 1987) , which have been used extensively in virus-cell and liposome-cell fusion studies (Citovsky et al., 1985; Stegmann et al., 1985 Stegmann et al., , 1986 Stegmann et al., , 1987a Hoekstra et al., 1984 Hoekstra et al., , 1985 Hoekstra and Klappe, 1986; Nir et al., 1986a-c; Blumenthal et al., 1987; Stamatatos et al., 1988) . Diizguine* and Bentz (1988) have recently reviewed the fluorometric fusion assays and the methodology of their usage. Extension of our treatment to the more rigorous aqueous contents assays is straightforward.
The details of calibrating the fluorescence assays are given in Appendix C. We assume that the quantum efficiency of the fluorophore does not change due to virus-cell binding. Only dilution of the probes after fusion changes the fluorescence intensity, due to changes in Forster energy transfer. In this case, the important variable is the concentration of cells with j-fused virions, regardless of the number of bound virions. Thus, we define NB-J Fj(t)= E [AF,,] .
The upper bound of the summation accounts for the fact that, for Fj(t), j of the binding sites have fused.
If io denotes the absolute fluorescence intensity initially (before fusion), if denotes the final absolute intensity (e.g., after membrane solubilization with detergent) and i(t) denotes the absolute intensity at time t due to fusion, then the relative fluorescence intensity is The complete definition of Bj is given by Eq. (C.7). In the limit of infinite dilution of the probe into the cell membrane, Bj = l and I(t) = the average number of fused virions per cell. Typically, Bj < 1 since there will be some Forster energy transfer after fusion. The important parameter is Do = {surface area of the cell (SG)/surface area of the virus (Sj)I. When Do = SG/SV is large, then the quenching of the fluorophore in the cell membrane after fusion is a linear function of acceptor surface density and tions on the structure of the higher order rate constants, Eq. (II.4). However, we will first consider the case of irreversible, aggregation rate-limiting fusion kinetics, where there is an exact solution. In Section V, we will use this solution to obtain accurate and simple approximate solutions for the general problem. For the remainder of this work, we will assume that all of the binding sites and the virions are fusogenic, i.e., NF = NB. 
This equation is exact and not difficult to evaluate, provided that NF is not too large. However, with some mild assumptions we can resolve it to a very simple closed form expression.
When the target membrane is large relative to the viral membrane, i.e., Do = SG/SV -oo, then we obtain
where a = (NF GO/ VO) -1 and T = CVot/NF, as defined in Eq. (II.7) when NF = NB. It is useful to note that aT = ( -NVOG) CGot (IV.2) so that in the limit of a large excess of cell fusion sites, i.e., NF GO > VO, we obtain (Nir et al., 1986b) [V] NF--co exp {-CGOtI.
i.e., I(t) simply equals the fraction of fused virus. We note that a fluorescence assay for contents mixing, corrected for any leakage during fusion, would usually follow Eq. (IV.8) (Duizguine and Bentz, 1988) . A more rigorous result for the case of finite dilution factors is derived in Appendix B using an asymptotic expansion of Eq. (IV.7). When NF >> 1 and NF/DO < 1, then Now the solutions for the cell fusion products can be obtained using the solutions given by Perelson (1985) , in that irreversible aggregation becomes irreversible aggregation-rate-limited fusion. Thus, from Eq. This expression is extremely accurate, as will be shown in Table I below. The derivation of this expression is not simple, however we can illustrate its origin in the following way. It is easy to show that the average number of fused virions per cell is (J) = NFT, thus if all of the cells were fused to this average extent, then the relative fluorescence intensity from Eq. (III.2) would be Go (J) avg Vo 1 + (J)/DO Go NFT VoI+NFT/Do0 and (IV.10) which is nearly the same as Eq. (IV.9). Eq. (IV.10) is also the expected fluorescence we would obtain by solving the homogeneous system V + S -A F, i.e., where the fusion sites are assumed to be homogeneously distributed in the system.
V. Approximate Solutions
We can now treat the general case where both aggregation reversibility and the fusion rate constant affect the overall fusion kinetics. In Section II, we saw that there was a close homology between the virus-cell adhesion problem and the case of homogeneously distributed binding sites. The same homology holds for the case of fusion. Here the homogeneous mass action reaction is 
so where
9r is a distribution function, i.e., 9I(K, T) < 1, 9I(K, 0) = 0 and, 9 (K, oo) = 1, which gives the fraction of the attached virus which has fused. When aggregation is rate limiting, K is large (>100) and 9r I 1. When fusion is rate limiting, K is small (<1) and I << 1.
Using the approach developed in Bentz et al. (1983 in Bentz et al. ( , 1985 , we will apply this result directly to the general system and approximate the expected relative fluorescence intensity from Eq. (IV.9) by ing the fusion rate constant, f -10-', 10-4, and 10-s-', when D-O and NF -10. In these cases, K -10-' to IO". Panel C shows the effect of varying the dissociation rate constant, D -0, 10-, 0lo-2and 10-'s-', whenf-10-3 s-' and NF -10. In these cases, K -10 to 10"'. TIME (minutes) together presumes that the homogeneous model gives a good estimate for the fraction of adhered virus which have fused for the cell model. The error in this premise is that it assumes that each species has the same fraction of fusedto-bound virions. In Fig. 1 B, we see how the fraction of fused virions for each species has its own time scale, which makes the assumption rigorously impossible. Nevertheless, the accuracy of the approximation, relative to the exact numerical integrations, shows that the average error (over the whole distribution) is typically negligible for the normal parameter ranges. Fig. 2 shows the accuracy of Eq. (V.6) (dotted lines) relative to exact numerical integrations (solid lines) of the mass action equations. Panel A shows the effect of varying the number of fusion sites from 2 to 10. The approximate solution is quite good, even when NF = 2. Panel B shows the effect of varying the fusion rate constant f, ranging from aggregation rate limiting, f = 0.1 s-', where the approximate solution is nearly exact, to strongly fusion rate limiting (f = 10-s-1 and K = 0.1), where the approximate solution is still in excellent agreement with the exact calculations. In these cases D = 0, so that f = fand K = K. Finally, Panel C shows the effect of varying the dissociation rate constant D, ranging from irreversible aggregation to extremely reversible aggregation. A major factor in aligning the exact and approximate solutions is that increasing the value of D has the effect of making the fusion more aggregation rate limiting and improving the accuracy of the approximate solution.
It is clear from Fig. 2 that the approximation is quite accurate, even under adverse parameter values, such as strongly fusion rate-limiting kinetics (Fig. 2 B) or reversible aggregation (Fig. 2 C) . We have found the combination of these two conditions will cause the approximate formula to deviate significantly from the exact solution, as shown in Fig. 3 . The use of higher order approximations for 5 (Eq. [A. 11] in Appendix A) does not significantly improve the fit. On the other hand, if we treat the exact curves as data (with random error added), and fit them using Eq. (V.6), we obtain estimates for C and f which are not significantly different from the correct values 0 200 400 600 800 w000 TIME (minutes) FIGURE 3 Comparison of approximate (dashed line) and exact (solid line) solutions when aggregation is reversible (D/f -0.1) and the kinetics are strongly fusion rate limited (K -0.242 when NF -2 and K -1.21 when NF -10). Unspecified parameters are the same as in Fig. 1. (C.V. = 30%). The quality of parameter estimates, however, will depend on the interval over which samples are taken as well as the sampling frequency. which has fused for the homogeneous case. As the fusion step becomes rate limiting, the heterogeneity of the fused cell products becomes more apparent. Actually, our derivation is based largely upon the assumption that there is little kinetic difference between having the binding/fusion sites on a cell surface and having them homogeneously distributed in the system. The validity of this assumption rests upon the structure of the higher order aggregation rate constants, Cij. We have analyzed the case where the rate constant depended only upon the availability of binding sites, i.e., Cij = C (NB-i-j)/NB, Eq. (II.4).
We can promptly treat one important corollary to this case which is when the number of fusion sites becomes (effectively) infinite. Liposome-virus fusion falls into this category because one virus fuses with any number of liposomes (Nir et al., 1986a, c For liposome-influenza virus fusion, Do 1 (Nir et al., 1986a ). These equations do not account for the possible aggregation of the virial fusion products.
In the other extreme, we can ask whether a more realistic accounting of surface binding will invalidate the usefulness of the homogeneous kinetic equations. Thakur et al. (1980) have considered the case of spheres attaching to a surface to discover how the random distribution occludes space using a gas phase model. The gist of their calculation is that an incoming sphere can reach the surface only if it does not collide with any portion of the already attached spheres. Given the angular dependence of trajectories near surfaces for gas phase kinetics, this substantially reduces the fraction of successful collisions. We believe that this model overestimates the occlusion of adjacent sites for particles undergoing Brownian motion, which can also execute diffusion along the cell surface (Berg and Purcell, 1977) . Nevertheless, we shall see that even an overestimate of this magnitude does not seriously compromise the approximate solution over the parameter values relevant to this problem.
When N spheres of cross-sectional area 7ra2 are placed randomly on a surface of area S, then the fraction of occupied area is p = N7ra2/S and the fraction of occluded area is approximately (Bell and Brown, 1974; Thakur et al., 1980) f(p) =1 -(1 -p)exp{-1-p} (VI.2) If p = 0.5, i.e., half of the surface is covered, then,f(p) = 0.997, i.e., the model would predict that aggregation would proceed at vanishingly small rates, although at equilibrium there would still be full coverage. If the fusion sites are widely spaced, then this occlusion function is not important. However, if the entire cell surface is sticky, or the binding sites are closely packed, then higher order aggregation will be less rapid.
To estimate the magnitude of this correction, we will simply treat the case of irreversible binding, wherein the measurable property is the total amount of virus attached to the cells, whether fused or not. This case is identical to that of irreversible aggregation-rate-limited fusion. The worst case, with respect to the homogeneous solution, is when the entire surface is accessible to binding and the fraction of occupied area p = i/NB, when i virions are bound. The fraction of remaining surface is 1 -f(p).
Thus, we can introduce a shielding function gi, which gives Once the virus has fused with the cell membrane, these strictly geometrical considerations would have no relevance to the aggregation rate constants. A detailed analysis of surface diffusion would be required (Berg and Purcell [1977] ; Shoup et al. [1981] ; Shoup and Szabo, 1982; Goldstein et al., 1988 ). An obvious consideration is whether all binding sites can fuse and whether fusion at one site affects adjacent sites.
Fitting the Rate Constants
The first step is determining NF, the number of (virus) particles that can fuse with a single cell. This parameter is obtained from the final extents of fluorescence, i.e., from Eqs. (V.6) and (IV.6), when a < 0. The effective rate constants C and f can be fitted by performing the fusion experiment with several values of total virus concentration V0 and cell concentrations Go, such that the ratio Vo/Go is constant. In this way, a is constant for all of the runs and as V0 and Go become small, the overall fusion is rate limited by aggregation, i.e., Sl = 1 in Eq. (V.6). Once C is determined under aggregation rate-limiting conditions, then f can be fitted using the data for larger values of V0. If D = 0, then C = C' and f =f However, irreversible aggregation is not the general case. An alternative way of fitting the rate constants, which has been used in practice, depends on the fact that the fluorescence curves predicted from Eq. (V.6) depend only upon C at long times, where I(K, oc) = 1. Thus, C is obtained by looking at the later stages of the reaction. f is obtained from fitting the initial stages. In practice, the virus concentration is kept constant and the cell concentration is varied. Of course, the use of a more concentrated cell suspension will enable a better determination of f because fluorescence intensity values are larger in this case at the earlier times (Nir et al., 1986b) .
Using the mass action kinetic model, the effective aggregation and fusion rate constants for several virus-cell and liposome-virus systems have been measured (Kuroda et al., 1985; Nir et al., 1986a-c; Tsao and Huang, 1986; Blumenthal et al., 1987) . A discussion of the particular values of the rate constants, and the physical ramifications, can be found in Bentz and Ellens (1988) . Overall, the values which we have used in Figs. 1-4 and Tables I and II are typical of the experimentally determined rate constants.
Reversibility and Preaggregation
The fact that the approximate solutions work so well using only the pair of reduced parameters C = C/(1 + D/f) and f = f(I + D/f) means that rigorously fixing all three rate parameters C, D, andf will be difficult, if not impossible, using only the forward experiment. Determining the value of D/f requires a different experiment. The most useful approach appears to be binding the virions to the cells under nonfusogenic conditions (e.g., 40C for Sendai virus and erythrocytes: Hoekstra and Klappe, 1986; Nir et al., 1986b) and then switch the condition to fusogenic, e.g., 370C. The virions will either fuse or dissociate from the cell and both events can be independently monitored.
Since the dissociated virions will eventually attach to and fuse with other cells, the exact solution to this problem is not simple and requires extensive computer calculations. However, we can obtain an approximate answer, which is initially exact. We consider the homogeneous model given in Eq. (V.1) under the condition of preaggregation such that the concentration of bound virions is V0, there is no free virus, and all of the bound virus can either fuse with or dissociate from the cell membrane. Following the switch to the fusogenic conditions, the average number of fused virions per cell can be estimated by (Brendel and Perelson, 1987) (JP)
which is rigorously correct as long as the number of dissociated virions which bind to new cells is negligible. In this time period, the free virus concentration is
and the expected fluorescence due to fusion is, Eq. (IV.10), iv V0 1 + (Jp)/Do (VI.8) By measuring the fused virus concentration or the free virus concentration (or preferably both), it is possible to fix both f and D. While only the ratio D/f is required to determine C and f from C and f, the extra information gives two independent estimates forf. In this regard, it is worth considering whether the preincubation experiment is sufficient if one is only interested in the fusion rate constant, as has been done by Kuroda et al. (1985) , Nir et al. (1986b) ; Tsao and Huang (1986); and Blumenthal et al. (1987) . Presently, there is no clear answer to this question. The studies cited have discussed various difficulties, as well as the controls proposed to account for their influence. We would add that the lengthy incubation time for binding should also increase the extent of multivalent interactions. This is likely to alter the cell surface, even before any fusion event is measured. Clearly, performing both types of experiment will provide far more reliable estimates of the rate constants. In a related issue, Richman et al. (1986) have emphasized that cells suffering multiple infections may show fusion mechanisms which differ from those found in vivo. T(T-s)I 1-U(s) [F] [F] + [VS] was shown that the effect of reversibility could be approximated adequately using the equations from the irreversible case, provided that the rate constants were scaled. That is, the solution for the fused virus,
[F], can be estimated by
These a,K coefficients have interesting properties. It can be shown that [F] = (a + 1) 92(K, I) T(T), Vo (A.18) where, Table II shows the accuracy of this equation relative to exact numerical integrations of Eq. (A.2) for a wide range of initial conditions. The approximation becomes inadequate for K < 1 and D/f > 2. Using higher order terms for 1 does not reduce the error of the approximation. It is interesting that this approach gives a much better approximation when used with the multisite virus-cell model, as is shown in Table I and Fig. 2 . It is worth noting that S is a weakly varying function of a, when a c 10. This scaling of the rate constants gives a good approximation for the solution of the fused particles, [Fl/VO. In fact, Eq. (A.18 ) is asymptotically exact as Tr-0. The same approach will not give as good an approximation for the other species, which is to be expected since [V] is initially independent of D (Bentz and Nir, 1981) . While this expression can be evaluated, we will find that a nontrivial expansion in powers of 1 /IDo can be resolved into a very simple formula. The approximate formula is valid, and quite accurate, when NF/DO < 1 and NF 1.
We begin by defining the function:
Now, if we takeR -N -j, and define Up to this point, our results are exact. Now, we will introduce two weak assumptions which will provide a simple closed from expression of I(t). We assume that the number of fusion sites per cell is large, i.e., NF O 1, and that the cell membrane is never increased in size by more than a factor of two due to the incorporation of virial membrane by fusion, i.e., NF/DO < 1. With these assumptions, we can replace bNFO by 1, since Eq.
(B.4) shows that this approximation is inaccurate only when 2 -NF, and then (NFT/DO)' -0. We will also replace NF-1 by Xo in the second summation, since the difference is numerically insignificant. Thus, Using Eq. (B.7), we find that a,,,,,,, -1, a,,,1 -(2 + 1)(f + 2)/2, and a1,1,1+3 -(Q + 1)(Q + 2)(Q + 3)(3Q + 4)/4!. Duzgfine § and Bentz (1988) . In general, q(v) < 1, q(0) -1 and q
The initial fluorescence intensity is io VOndq(naRO/Sv) qo, (C.1) where we have neglected the possible, and correctable, problem of extraneous energy transfer to, or from, cell membrane components (Stamatatos et al., 1988) .
In order to obtain the change in fluorescence intensity due to fusion, we need to sum the concentrations of cells which have the same number of fused virus, regardless of the number of bound virus, as we assumed that simple binding has no effect on the fluorescence of the donor molecules. We define ,-, Therefore, the relative change in fluorescence is:
Notice that the function I(t) is defined such that I(O) -, I(t) increases in time due to fusion and I(1) -1, only if all of the virions have fused. We will specifically consider the case where the surface density of acceptor molecules in the target membrane after fusion is sufficiently small that the quenching function q(v) is linear with respect to v, which requires <1 acceptor per 5R2 (Wolber and Hudson, 1979; Snyder and Friere, 1982; DflzgUnes, and Bentz, 1988) . For most lipid mixing assays, this condition is met when the acceptor is present at <0.5 mol % lipid in the cell membrane (Struck et al., 1981; Hoekstra et al., 1984; Silvius et al., 1987) .
In this case, we can write B; 1 ( I I (C.8)
Another step is usually introduced for experimental convenience: the final signal if is set by lylsing the virus-cell suspension in detergent. This simplifies setting the value for if, although it is an artificial state and care must be taken to assure that no artifactual quenching of the fluorophors occurs due to the presence of the detergent (Tanaka and Schroit, 1983 It is worthwhile recalling that ; jFj(t)/Vo is just the fraction of virus which has fused. Thus, when Do -o, i.e., the cell membrane is vastly larger than the viral membrane and fusion implies an infinite dilution of probe, then I(t) exactly equals the fraction of virus which has fused. In general, I(t) will be less than this fraction. (11.6 and IV.7), respectively. These nearly closed form solutions reduce the number of differential equations to be numerically integrated from N to 1. When aggregation is reversible, it appears that the entire ensemble of equations must be numerically integrated to obtain the exact solutions. Nevertheless, it should be possible to develop approximate analytical solutions using the equations for irreversible aggregation presented here and the approach of scaling parameters presented here and previously (Bentz and Nir, 1981; Bentz et al., 1983 
